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Exercise 1 (2 Punkte).
Let Y be a subset of a topological space X equipped with the subspace topology For any subset

A of Y show that A MY is contained in the interior of A as a subset of Y, where A is the interior
of Ain X.

o
Are the interior of A as a subset of Y and ANY always equal?

Exercise 2 (4 Points).

a) Given a homeomorphism f : X — Y between two topological spaces (X, Tx) and (Y, Ty) as well
as a subset A C X, show that the restriction map fj4 : A — f(A) is again a homeomorphism,
where A (resp. f(A)) is equipped with the subspace topology from X (resp. from Y).

b) Deduce from the above that there is no homeomorphism f : [0,1] — (0, 1), both equipped with
the subspace topology from the euclidean line.

c¢) Are R and R? (both with the euclidean topology) homeomorphic?
Exercise 3 (8 Points).
Fix some prime number p.

a) Given m < n in N, show that the map

Omon - Z]p"Z — Z]p™Z
x modp" — x modp™

is well-defined.

For every n in N we consider the set Z/p™Z as a topological space with the discrete topology. Set
[e.e]
now X = [[ Z/p"Z with the product topology.

b) Show that the set Z, = {(n)nen € X | dmn(@n) = Tp, for all m < n in N} is closed in X.
c¢) Giving some ng in N, show that the set
{(xn)nen € Zp | ©y, =0 for all n < ng}
is a clopen subset of Z;, with the subspace topology of X.

d) Show that Z,, is totally disconnected.

(Please turn over the page!)

Die UBUNGSBLATTER KONNEN ZU ZWEIT EINGEREICHT WERDEN. ABGABE DER UBUNGSBLATTER
IM ENTSPRECHENDEN FACH IM KELLER DES MATHEMATISCHEN INSTITUTS.



Exercise 4 (6 Points).
Consider the subset Ag = [0, 1] x {0} of R? and set

Ap={(z,y) €R? |z —ny = 0,2 € [0,1]} for n > 1 in N.
Equip the union X of all A,,’s with the subspace topology from R? with the euclidean topology.

a) Is X connected? Is X path-connected?
b) Determine for which n in N the subset A, \ {(0,0)} is open in X.

¢) Is X locally connected?



